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Abstract 
Inverse problems of the theory of elasticity for inhomogeneous bodies, as a rule, are used to identify the dependence of the 
mechanical properties of the material from the coordinates. It is known that in a thick-walled cylindrical or spherical shell under 
internal or external pressure the highest stresses are occurred close to the internal surface of the shell. The article presents several 
solutions of inverse problems, which are defined dependence of the elastic modulus of the radius, at which the equivalent stress 
in the shell is constant. Corresponding shells can be called equal stress shells. In most cases the change of the module of elasticity 
of a material leads to changes in its strength. It is shown that for some materials it is possible to create model of equal strength 
shell in which equivalent stress in each point is equal to material strength. In the article is also considered the way of 
modification material’s deformation properties at which beams and rods, working under combined stress state (for example, the 
eccentric compression of columns, the strip foundation and so forth), are also will be equal stress. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of the XXV Polish – Russian – Slovak Seminar “Theoretical 
Foundation of Civil Engineering. 
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1. Introduction 
It is difficult to present a construction which at achievement by loadings of limit values would collapse in all 
points at the same time. From the point of view of solid mechanic, this means that the equivalent stresses, which 
 
 
* Corresponding author. Tel.: +7-985-222-50-14; fax: +7-499-183-56-83. 
E-mail address: asv@mgsu.ru 
 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the organizing committee of the XXV Polish – Russian – Slovak Seminar “Theoretical Foundation 
of Civil Engineering”.
38   Vladimir I. Andreev et al. /  Procedia Engineering  153 ( 2016 )  37 – 44 
corresponding to the theory of strength for a given material, should be the same at all points of the body. The 
simplest example of equal stress construction is stretched or compressed rod (see Fig. 1, a). In accordance with the 
hypotheses, adopted in the strength of materials, the normal stresses are constant and equal V = F / A at all points. 
Without considering the features which arise in the application of load and attachment, according to Saint-Venant's 
principle, we consider that the rod, given in the example, is equal stress construction. Equal stress construction is not 
always equal strength. For this purpose it is necessary that not only equivalent stresses in all points of a body was 
identical, but also strength was also constant. If we imagine a rod which consists of two sections from different 
materials (see Fig. 1, b), it will be equal stress, but won't be equal strength – destruction will happen on that site of a 
rod which material has smaller strength. 
 
Fig. 1. Tension the rod (a, b); the beam of equal resistance (c). 
Other well-known example is the beam of equal resistance at the bend, presented in Fig. 1, ɫ. This construction is 
often called equal strength, although, according to the definition, it is not. The maximum stresses are the same in 
each section of the beam, i.e. all sections (but not the all beam in general) should ideally reach the limit state at the 
same time. And, of course, this beam is not equal stress, because stresses change across the sections. 
2. Creation the models of equal stress construction 
2.1 The thick-walled cylindrical shell 
On the example of a task of Lame’s problem for a thick-walled shell (Fig. 2, a) we will consider the way of 
creation the models of equal stress construction on the basis of the solution of the return task of inverse problems of 
the theory of elasticity of inhomogeneous bodies. We will explain the main idea of a method. In Fig. 2, b by a 
dashed line are shown the diagrams of stresses in the loaded by internal pressure pipe, which material is 
homogeneous, i.e. the elasticity module E = E0 = const (a dashed line in Fig. 2, c). If for simplicity to accept that for 
this material the theory of strength of the maximum normal stresses is fair, then at achievement by pressure of limit 
value destruction will begin on an internal contour of a pipe, where VT = Vmax. So, the remainder of the pipe is 
underused.  
From the theory of elasticity of inhomogeneous bodies [1] it is known that in inhomogeneous bodies in zones 
where the module of elasticity is less, stresses decreases in comparison with homogeneous material, and vice versa. 
Fig. 2, b, by the solid line show the qualitative diagrams corresponding to a solution for the pipe, in which the 
modulus of elasticity is a function E = E(r) (see Fig. 2, c). Note that the influence of inhomogeneity has little effect 
on the stresses Vr, and the diagram VT is changed significantly, approaching to the constant.  
In [2 - 5] solved some problems in finding such dependence E(r), at which the equivalent stresses corresponding 
to the various theories of strength will be constant. These are so-called inverse problems in which we seek a 
functions of changing of the modulus of elasticity for a given stress state of the structure. So, for example, if for a 
material the theory of strength of the maximum shear stresses is true, under the condition that in a pipe Wmax = (VT - 
Vr) / 2 = const, this function has the form: 
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 (1) 
 
Fig. 2. The Lame’s Problem for thick-walled pipes (a, b, c). 
In (1) k = (1-2Q)(1-Q) for plane strain state and k = (1-Q) for plane stress state (a thick-walled thin disk), and Q - 
the Poisson ratio.  
It is necessary to note that the received solution corresponds to a model of an equal stress pipe (or a disk) as at 
this stage strength properties of a material aren't considered. 
Once again we will emphasize that it is a question of model of an equal stress pipe. The question of real creation 
an equal stress pipe and equal strength structures will be discussed below. 
In [3] are obtained the models for all the classical theories of strength. 
2.2 The beam under the eccentric compression 
In Fig. 3 is shown the beam to which the force F is applied with eccentricity ɟ. In all sections of the beam appear 
the same internal forces: the normal force N and the bending moment M (Fig. 3, b). At the constant modulus of 
elasticity the diagram of normal stresses has a trapezoidal shape. Set a problem to find such dependence E(y), at 
which the stress diagram is constant over the height of the section, or it is close to a constant. In [4, 5] using an 
iterative method the inverse problem for an inhomogeneous beam is solved. Fig. 4 show the dependence of the 
modulus of elasticity and the diagrams of normal stresses for the two iterations, and Table 1 shows the values E(y) 
and V(y) for the three stages of the iterative process. At i = 3, the value of total stress on section height practically 
don't change, that is, the beam can be considered as equal stress, while the maximum stress in inhomogeneous beam 
for i = 3 in 1,65 times less than in the homogeneous beam (i = 0). 
Table 1  The values of the modulus of elasticity ȿ(i) and the total stresses V(i)
for the stages of the iterative process. 
i    
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Fig. 3. The design scheme of the beam under eccentric compression (a, b). 
Naturally there is a question how to create a shell or a beam with continuous change of its rigidity along 
coordinates. Apparently, the modern technologies do not allow achieving it with sufficient accuracy. We can only 
offer a way to create piecewise-homogeneous structures, as it was made in [3]. The efficiency ratio for multilayered 
shell and beams will be less, than in a shell or a beam with continuous heterogeneity, but increasing the number of 
layers it will be closer to the value corresponding to the continuous heterogeneity 
Fig. 4. The diagrams of the modulus of elasticity E(y) and of the normal stresses V(y) (a, b, c). 
3. Creation the models of equal strength structures 
Consider a method of creation the models of equal strength structures on example of thick-walled cylindrical 
shell. Theoretically, to the modulus of elasticity of the material changed it is necessary to change the material 
composition. One such possibility is use of composite materials in which by changing the percentage of filler it is 
possible to change their deformation properties. However, at the same time with the changing of rigidity as a rule 
the strength of material durability also changes. From this it follows that opportunity to turn an equal stress 
construction into the equal strength can be realized only if at modification of structure of a material composition its 
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strength change to a lesser extent, than deformation properties. Table 2 shows an example of material [6], which 
corresponds to said request. At change of the modulus of elasticity of polymer concrete more than five times the 
tensile strength changes non-monotonically, changing in the range of 40%. Similar properties have also cement 
concrete [7] for which at triaxial state of stress destruction can happen in the directions of positive deformations, and 
their mechanical properties with an increase in the modulus of elasticity even improved.  
Here is an example of creating a mechanical of cylindrical shell made of polymer concrete with strength criterion 
of P.P. Balandin [8]. Setting on the basis [9] Q = 0,5, the strength condition can be written as: 
,0)(5.175.05.175.0 22  VVVVVV TTT rbrr R             (2) 
where Rb - the prismatic strength of the concrete. Assuming the approximating dependence Rb = D + JEb, 
constructed on the basis of experimental data, and using a parametric method of the solution of the equation (2) can 
be obtained the solution of the inverse problem of the theory of elasticity for inhomogeneous bodies [3], as a result it 
is possible to receive the model of equal strength thick-walled cylinder. 
Table 2. The physical and mechanical properties of polymer concrete filled with silica flour. 
The degree of filling silica 
flour 
The modulus of elasticity Eb, 10-
4MPa 
The ultimate compressive 
strength, MPa 
- 3.10 142 
50 4.50 146 
100 7.10 160 
200 10.5 148 
300 13.7 132 
400 16.7 115 
 
In Fig. 5, a are showed the diagrams of normal stresses in the cylinder, obtained with the following initial data: 
the ratio of internal to external radiuses – b / a = 1.6; the ratio of internal to external pressures – pa  / pb = 1.5; Rb(0) = 141 MPa; Eb(0)  = 3.110
4 MPa; D = 127.7 MPa; J = 4.6110-4. Fig. 5, b shows the dependences Eb(r) and Rb(r), 
corresponding to models of equal strength cylinder. 
The model of equal strength inhomogeneous cylinder can be compared variously with the corresponding 
homogeneous construction, for example, comparing thickness of cylinder wall at the same loadings, or comparing 
values of limit loadings in two considered cases. 
In this example, we introduce the concept of the efficiency ratio of the equal strength cylinder as follows 
,         (3) 
where  and  - respectively the limit internal pressures in the inhomogeneous and homogeneous 
cylinders. In the above example  = 549.1 MPa. From the solution of the Lame for homogeneous cylinder with 
the same input data can be found  = 213.5 MPa, from where we obtain E = 2.57.  
In this regard, you can suggest to approximate continuous functions piecewise constant dependencies. It is 
obvious that the model of equal strength cylinder is difficult to realize in practice. In this regard it is possible to 
suggest to approximate continuous functions Eb(r) and Rb(r) by piecewise - constant dependences. 
In other words, the creation of a thick-walled cylinder, consisting of several layers is proposed. When calculating 
such cylinder in each layer will be a solution of Lame’s problem for a homogeneous material with their constants 
which are determined from the boundary conditions on internal and external surfaces of the cylinder and at the 
boundaries of layers: 
 (4) 
where ri – radii of the boundaries between the layers. 
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Fig. 5. The diagrams of stresses in the cylinder of equal strength (a); the change of the elastic modulus and prismatic strength (b). 
Calculations of three - four - and five-layer cylinders were carried out. In Fig. 6, a are represented the diagrams 
of stresses in three-layered cylinder, and in Fig. 6, b are represented comparative dependences of equivalent stresses 
in a cylinder of equal strength. It is obvious that in a piecewise-homogeneous cylinder the efficiency ratio will be 
less than in a cylinder with a continuously varying elastic modulus. The calculations showed that for the three-layer 
cylinder E(3) = 1.83. Respectively, for the four-and five-layer cylinder E(4) = 1.99 and E(5) = 2.09. With increase in 
number of layers the value E increases approaching to the value E = 2.57, corresponding to a cylinder of equal 
strength. 
 
Fig. 6. The diagrams of stresses in a three-layer cylinder (a); the stresses in a three-layer cylinder (b): 1 – the design strength in 
the cylinder of equal strength; 2 – the equivalent stresses in a three-layer cylinder. 
4. The possible perspectives 
 The considered method of creation of equal strength construction can be applied in 
cases where the stress state of is one-dimensional, i.e. all stresses depend on one coordinate 
(in a shell – from radius, in a beam – from coordinate ɭ). In addition to thick-walled shells 
which are used in various engineering structures, we will give two more examples. 
The single-cantilever columns 
From Fig. 7 it is visible that when the beam or the slab is based on cantilever, the 
column is in a state of eccentric compression. In order to reduce the highest compressive 
stresses and the stresses diagrams approach to a constant, it is possible to use the above 
developed method described in item 2.2. 
 
Strip foundations. 
In [10-12 etc. al.], devoted to the accounting of joint work of foundations and structures (see Fig. 8), it is shown 
that part of load take on several of the lower floors of buildings. In contrast to the traditional scheme of calculation 
(see Fig. 8, a), when in the foundation arise tensile and compressive stresses, in considered case (Fig. 8, b), all the 
normal stresses can be positive (see Fig. 9). Discussed above in Sec. 2.2 method of "correction" of stresses diagrams 
 
Fig. 7. Eccentric  
compression of column. 
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can also be used to optimize the stress state of the foundation. 
 
 
Fig. 8. To the question of accounting of joint work of foundation and structure: the traditional design scheme (a); accounting of its own weight 
and perfect contact (b). 
 
Fig. 9. The diagrams of normal stresses in foundations: ---- for calculating according to the scheme Fig. 8, ɚ; ––– for calculating according to the 
scheme Fig. 8, b. 
4. Conclusions 
In this paper on the basis of the solution of problems of deformable body mechanics the way of optimization of 
stress state of construction is developed. In particular is considered the application of this method for concrete 
structures by use of the corresponding strength criterion. It is shown that creation of such constructions can give 
significant economic effect by reducing the size of construction or increasing loads. 
Obviously, for practical realization of the method is necessary to conduct research on the selection of 
corresponding materials with variable mechanical characteristics, and also to develop the necessary technologies of 
creation of multilayer constructions. 
Thus, the successful creation of optimized strength of structural elements is possible only with the participation in 
the work of specialists on structural mechanics, on construction materials, and on construction technologies. 
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